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Heynopsinouennast mojiesp Xa00apia ¢ HpUTSIKEHUEM

byaem pacemarpusaTh HEMArHHTHYIO MOJeIbL Xabbapaa ¢ becnopajakoM. aMuaeronnan

paccMaTpuBaeMoil MOJIE/IH HMeeT BHJL

H=—t Z a.jgaﬁ, + Z €My + U Z Mg (1)
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riae t >0 AMILTHTV/1a HNepeCKOKa MOAIV OJrmsaiiimmusm COCEeJISIMH, U HZSHHMl’},’l{!ﬁ{"l'li“i,‘?

Ha y3ie (B jaabheiimem, B gaHHoil padore Mbl Oy/1€M HHTEPECOBATHCS B OCHOBHOM CJIVYAaeM

npursiKenns Ha vaie, U < 0), n, = uLu-i., ONEepaToOp YHC/IA NEKTPOHOB HA V3Je, G,

[n.:.ra,] ONEPaTOP YHHUTOKEHNs (POX/IeHNs) IEKTPOHA CO CIIHHOM O, JOKAJBHBIE IHEPIHH
€; HOJArAKOTCS He3ABUCHMBIMH CJAVUANHBIMH BeJIMYHHAMHI HA Pa3sHBIX Vv3Jax pemerku. Lig
VIIPOIEHHs JHArPAMHOil TeXHHKH, B JaJIbHeiineM Mbl NPeAnoJaracM rayccoBckoe pacipe-
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Traditional DMFT approach

_ AT -
H = Z tijcigCjo + U Z ity J.Hubbard (1964)

ij,o i

O In the limit of spatial dimensionality
d — o0
g . % . . self - energy becomes local, i.e.
Yk (iw) = X(iw)

Then the problem can be exactly (!) mapped on the equvalent problem of
Anderson impurity, which is to be solved by some kind of “impurity solver”

W.Metzner, D.Vollhardt, 1989, A.Georges, G.Kotliar, 1992, Th.Pruschke, M.Jarrell, 1992

The absence of k - dependence of electron self - energy is the basic shortcoming of
the traditional DMFT, however only due to this fact we obtain an exact solution!



Standard DMFT calculation proceeds as follows:

1. Guess some initial value of local self — energy S(iw), e.g. E(iw) = 0.

2. Calculate local Green’s function as:
1 1

Giz’ W) = - ; :
(i) N % w4 p—=(k) — Z(iw)

Hubbard 3. Define the “Weiss field” as: Effective

| | Anderson
t Gy ' (iw) = S(iw) + G (iw)
U t
'/\ 4. Using some “impurity solver” calculate Green’s function for the effec-
$ s ﬁ & tive Anderson 1111pur1t};, defined by Grassmanian functional integral: sl
® & ® © Gyt —1") = Dc}, Deigeio(T)ci (77) exp(—Seg)
7! )

. . . . Effectve medium (“bath”)

with effective action for a fixed site (“impurity”) ¢

3 ¥ ; 3
Sar=— [ dni [ drascio(1)G5 (11 = ) () + [ drUni(7)n (7)

and Zex = [ DejyDejy exp(—Se), with 3 = T, thus defining in fact
the new value of G'(iw).

[}

. Define the new value of local self — energy as:
S(iw) = Gy (iw) — G (iw)

6. Using this new value as “initial” in step 1 continue the procedure until
(and if) convergence is reached to obtain:

Gii(iw) = Gqliw)



OcuoBbl DMFT+X nogxona

. M.V Sadovskil, |.A Nekrasov,
o D M FT"'E . E Z Kuchinskii, Th.Pruschke,

V1 Anisimaov (20058)
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Cxema ypaBHeHuu DMFT+X, noaxopaa:
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“mone Beiica” G ' (iw) = X(iw) + G (iw)
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Y(iw) = Gy Hiw) — G iw) ]




DMFT+X calculation scheme:

1. Guess some initial value of local self — energy ¥(iw), e.g. E(iw) = 0.

. Construct X, (ic) within some (approximate) scheme, taking into account interactions

with “external” interaction (impurity scattering in our case) which in general can

depend on ¥(iw) and f.

3. Calculate local Green’s function as:

' 1
Giiliw) = )3 iw + p = & (k) — B(iw) - Tk (iw)

k

4. Define the “Weiss field” as:

Gy ' (iw) = S(iw) + G5 (iw)



5. Using some “impurity solver” calculate Green’s function for the effective

Anderson impurity, defined by Grassmanian functional integral:
’ 1 + + 7
Ga(r — 1) = Z Dcl Deiycio(T)c (77) exp(—Sesr)
eff

with effective action for a fixed site (“impurity”) ¢

3 3 8
Seff = —f dﬂ/ dracio (11)G5 (11 — )t (12) + / dTUnit (7)) (7)
] 0 0]

and Zeg = [ Dc}, Dciy exp(—Ser), with 8 = T~!, thus defining in fact

the new value of G (iw).
6. Define the new value of local self — energy as:
S(iw) = Gy (iw) — G (iw)

7. Using this new value as “initial” in step 1 continue the procedure until

(and if) convergence is reached to obtain:

|G’ii(iw) = G’d(iw) I




2. IS IPUMECHOTO PACCESHUS

Self-consistent Born approximation




DISORDER INFLUENCE ON SINGLE - PARTICLE PROPERTIES FOR
THE CASE OF SEMI-ELLIPTIC DENSITY OF STATES

D Nol(=h D Nal=" )
Gﬁ_:f CEE', ol — 5 :f dE;L, i)
-D =4 p— el — E[‘:‘j — A G‘iz' -0 Eg — = s
where we have introduced the notation F, = ¢ + u — X(¢) — A?Gy. In the case of semi —
elliptic density of states this integral is easily calculated in analytic form, so that the
local Green'’s function is written as:
Ei — E} — D
Tig — & DQ - (9:]
It is easily seen that Eq. (9) represents one of the roots of quadratic equation:
— D?
Giz'I = E; - TG?',:'; (10)

corresponding to the correct limit of Gy — E; for infinitely narrow (D — 0) band. Then

CENER (11)

T

) D?
G-_E-l =&+ - E[:‘tl — ;ﬁgGﬁg — T'i:u =&+ - Ef&"j —

where we have ntroduced D,s; — an effective half-width of the band (in the absence of

electronic correlations, 1.e. for I/ = () widened by disorder scattering:

f _&2
Dy = D]vfll +455. (12)

Eq. (10} was obtained from (8), thus comparing (11) and (10}, we obtain:

Deys No(2)
Gy :f d=' - ' (13)
" —Dyy E+p—ce —XE=) v

- 2 —
Nole) = D2 — 2 (14)
- DEH V Herr

Here ‘




OnTuyeckaqa nposognMocTb - DMFT+X
3.3.KyunHckun, M.A.Hekpacos, M.B.Cagoeckuin (2006)
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Universality of DOS dependence on disorder:

2D_:N(c)

1. 20 Universal dependence of the density of states on disorder: (a) — the model of semi -

elliptic “hare” density of states; (h) — the model of flat “bare” density of states.
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Universality of DOS dependence on disorder — repulsive Hubbard:
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DISORDER INFLUENCE ON SUPERCONDUCTING TRANSITION
In general, Nozieres — Schmitt-Rink approach  assumes, that corrections due to strong
pairing attraction significantly change the chemical potential of the system, while possible
correction due to this interaction to Cooper instability condition can be neglected, so that
we can always use here the weak coupling (ladder) approximation. In such approximation

the condition of Cooper mstability in disordered Hubbard model takes the form:

L =Uyplg =0,w, =0) (15)
where
xolg = 0,wm = 0) = Tz z Pppr(cn) (16)
n pp'

represents the two — particle loop (susceptibility) in Cooper channel “dressed” only by
disorder scattering, and $yp(=,) is the averaged two — particle Green's function in Cooper
channel (wy, = 27mT and s, = #T(2n + 1) are the usual Boson and Fermion Matsubara
frequencies).

To obtain > pp! $ppi(zn) we use the exact Ward identity
G(Enr pJ - G(_Enr _pJ - — Z (t)ppf E.':'.‘n:'l fGG_i f.&?n! p"'J _ :El_l ['__ETHF —l)F:,I:,I, H.T],I
P

Here (z,,p) 15 the impurity averaged (but not containing Hubbard interaction correc-

tions!) single — particle Green's function. Using the obvious symmetry (p) = 2(—p) and



Glep, —p) = G(en, p), we obtain from the Ward identity (17):
Zp (—:r:';ng p] - Ep Gf—‘- Ty l::l":I 1

> Pppi(en) = — : _. (18)
- 2ic,
so that for Cooper susceptibility (16) we have:
p.] - EpGI-r\_Eﬂrp:-l ; EpG(Enrl}J ’
— 0wy, =0) =T — Ty =R T (19
Yola Z 2icy Zn: icq (19)
Performing now the standard summation over Matsubara frequencies we obtain:
o(g = 0ym = 0) = ——— [ g:Zp G EP) ~ Ep GHEP) LG A
XM= om = = f_m ) E o7 = | E e e
(20)

where N(£) is the density of states (I = 0) “dressed” by disorder scattering. In Eq. (20)
the energy = 1s reckoned from the chemical potential and if we reckon 1t from the center of
conduction band we have to replace £ — = — u, so that the condition of Cooper mstability

(15) leads to the following equation for T,:

. th—E
| = f dz No () (21)
oo E—=H
where Ny(c) is again the density of states (calculated for U = 0) “dressed” by disorder

scattering. At the same time, the chemical potential of the system at different values of IV
and A should be determined from DMFT4+Y calculations, 1.e. from the standard equation
for the number of electrons (band-filling), determined by Green's function

which allows us to find 7, for the wide range of model parameters, including the BOS-

BEC crossover and strong coupling regions, as well as for different levels of disorder.
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T /2D

Critical Temperature Tc
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Tc and the Generalized Anderson Theorem
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Tc and the Generalized Anderson Theorem
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Ginzburg-Landau Expansion
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Ginzburg-Landau coefficients
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« DMFT+X n mogenb Xabbappa c
NPUTSXKEHNEM 3PMPEKTUBHO ONMUCHLIBAIOT

BKL-B3K kpoccosep, B TOM vucne ans
CUCTEMbI C 6ECNOPAIKOM

» T. B HeynopsgoyeHHou mogenu Xabbapaa
nog4vmnHsieTca obobLeHHoOW Teopeme
AHOEepCcOHa

28



Anderson Theorem

Nontrivial results conecerning superconductivity in disordered systems
were obtained very soon since the discovery of BCS—theory [Abrikesov
AAL Gorkov L.P. (1958); Abrikosov AA., Gorkov L.P. (1959); Gorkov
L.P. (1959); Anderson P.W. (1959)]. The concept of “dirty” superconductor
described the experimentally very important case of the mean free path |

short in comparison with superconducting coherence length & ~ hvp/T,,
l.e. the case when:

Soz 3 hfpr (3.1)

Already in this case of not so strongly disordered (in the sense of closeness
to metal—insulator transition) system Cooper pairing takes place not be-

tween electrons with opposite momenta and spins as in regular case, but
between time—reversed exact elgenstates of electrons in disordered system

[Anderson P.W. (1959): Gennes de P.G. (1966)]:

(pr,=p) = (ou(x),0p(r))) (3.2)
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Then the linearized gap equation determining T, takes the form:

Alr)=gT [rfr“z Kirr's, ) A(x") (3.7)
where the kernel:
Kle's, ) = Gyler's, }Gf{r'lr;-?n} (3.8)

is formed by exact one—electron Green’s funetions of a normal metal. Now
we can use an exact eigenstate representation for an electron in a random
field of a disordered system to write (Cf. Eq. {A.13)):

f:-;[[l"l"'rﬁ'n:i _ Z ‘?:-'|I{r:|':;"}y’|ir ) [39}

IEn — &
L

where £, are exact energy levels of an electron in disordered system. Then

dpp(e)a] (e)ar () o, (r)
“‘En - frr:l{_'f"f-'n + 'f.::]

Kire's,) =Ty Z

(S

(3.10)

In the following for brevity we shall drop spin variables always assuming
singlet pairing. In case of a svstermn with time—reversal invariance (i.e. in
the absence of an external magnetic field, magnetic impurities etc.) Eq.
(3.10) can be rewritten as:

Pu(r)op (e )ou(r' o (r)

(igy —&p ) —icy _E.::}

K(rr'sp) = Gler's, )G(v'e —e0) = Y

[y

(3.11)

L]

Averaging over disorder we get:

< Alr) >= ¢T [dr“E < K’z )A(r') > (3.12)
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< Alr) >= ngdr"Z K(r—r's,) < Alr') > (3.13)

where the averaged kernel in case of time—invariance is given by:

Kir—vr's,)= K(r—r's,) =< Kirr's,) ==
oy S

{"-'En. - *—-rrj{_“l’f-n - ’;':.:t:l

[y

s o . ‘ F
:f d.,i?.ﬁ."(E][ doS BB+ () > (3.14)
- Jowe  izn + E)E +w —iz, ]

where we have introduced Gorkov— Berezinskii spectral density [Berezinskii
V.L., Gorkov L.P. (1979)] (Cf. Eq. (A2)):

< pe(v)ppqw(r’) 7=

ﬁ < I:ZFtﬁi{l‘)ﬁiu{r)tﬁ{r"}ﬂﬁp{r‘jltﬁ{E e S(E 4w =) > (3.15)
Here N{E) is an exact electron density of states per one spin direction as
it always appears in superconductivity theory {above, while discussing lo-
calization we almost always used density of states for both spin directions).

Usually the decoupling procedure used in Eq. (3.12) to reduce it to
Fq. (3.13) is justified by the assumption that the averaging of A{r) and
of Green’s functions in Eq. (3.12) forming the kernel can be performed
independently because of essentially different spatial scales [Gorkov L.P.
(1959)]: Afr) changes at a scale of the order of coherence length {Cooper
pair size) £, while G(rr's, ) are oscillating on the scale of interatomic dis-
tance a ~ h/pp, and we always have £ = a. Actually it is clear that this
decoupling is valid only if the order—parameter is self—averaging (i.e. in

fact nonrandom) quantity: Alr) =< Ar) >, < A%(r) >=< Afr) =%
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If we look for the solution of Eq. (3.13) A(r) = const (homogeneous
gap), we immediately obtain the following equation for superconducting
transition temperature T.:

1 = g?}f drz Kir—r's,) =

o o .« P
= gT,:fdrE / "EENIE}I do 'ﬂﬁiﬁE{l‘]ﬁE+w{I‘ ) Z (3.16)
£, Y —

{E+ \'-En)l:E + W — ?-"Eﬂ:l

Using the general sum-—rule given in Eq. (A.5) [Berezinskii V.L., Gorkov
L.P. (1979)):

[ dr < pp(r)ppso(r') >F= §(w) (3.17)
we immediately reduce Eq. (3.16) to a standard BCS form:

2T,

. 1 iy ] |

o — £
where we introduced the usual cut—off at ' ~ 2 < w =. Note that N({FE)
here is an exact one-particle density of states (per one spin direction) in

a normal state of a disordered system. From Eq. (3.18) we get the usual

result:

=2 cws eap (_i) (3.19)
K -:!l;r:.

where A, = gN({EF) is dimensionless pairing constant, Iny = €' = 0.577...
15 Euler constant. This is the notorious Anderson theorem: in the absence of

scattering processes breaking time—reversal invariance disorder influence
T. only through the possible changes of the density of states N{Ep) under
disordering (which are usually relatively small).
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Ilucema B8 XKIOTO, tom 65, B3, crp.258 - 262

© 1997r. 10 ¢espans

IOOEKTbI PAIYIIOPINOYEHHUA B CBEPXIIPOBOJIHUKAX C
AHHU3O0TPOIIHbIM CITAPUBAHMEM: OT KYIIEPOBCKHX IIAP K

& >—
B cnyvae cucremm ¢ npumecaMu Touka Oose-
KOHICHCAIMH OMpENEeNseTcd CRENYIOMMUM ypaBHEHHEM [§):

p=_(0)=0, (3)

THE 4p - XMMMYECKMH ToTeHUMan nap, a y.(0) - npemen HyJeso uyacTOTH
cofCTBEHHO-3HepreTHYeckol uactit G030HA B MOMe MpHMECEd, KOTOpas B CIyvae
cnaboro paccesHHs ONMpENENseTCS AMarpamMMOM, MOKA3AHHOM Ha puc.l:

d®p 1
=y 2
Yie)ne s ¥

rie ¢, = 2rnT - ueTHas MmauylapoBckas uactora, m' = 2m - Macca MApe, M
Mul mpeamonaraeM T > T,. B panbHedlleM M OrpaHMUMMCS PACCMOTPEHMEM
TpeXMepHHX CHCTeM. HemocpenacTBeHHHE BHMHCIEHMS AT

) (0) = Re£(0) + Eo, (5)

e Eoe = =(m*/7)nimpv’py - CABMT Kpas 30HH, BHIWBAEMEIA DACCESHMEM Ha
npuMecsix (9] (po - napamerp oOpesaHud B WMMYALCHOM TPOCTPAHCTBE MOPSAKA
obpaTHOH NOCTOSHHOM pemeTku a”!), a

. 1 )
ReZ(0) = En.-mpvzm 32 m™H (6)

Bemnunna Eo. NMPUBORMT K TPOCTOM NEPEHOPMHPOBKE XMMHUECKOrQ MOTEHUHAJA:
ji=pp — Eo, TaK YTO B NMEPCHOPMMPOBAHHOM BWie ypasHewue (3) cBomMTcs K

1
|- —=—nimpv’m** signii | =0 7
2/i[

C ONHHM CyIECTBEHHHM 118 Hac (i < O n1a Gosonos mpu T > T,) xopHeM:
f=0, 10 ectb p,— Eo. =0. CoorsercTseHHO, TeMnepaTypa 003e-KOHNEHCALMH B

KOMITAKTHBIM BO30OHAM

M . B.Cadoscxuii'), A.H.Mocaxennuxosa

TNIPMMECHOH CHCTEME OnpencnsaeTCs CTaHAapTHHM YPAaBHEHHEM:
n
2= / deN ()7 Q

e g=2s+1 (nna GosoHoB co crmHOM s), N(€) - yCpeiHeHHas no npuMeCcsM
TIOTHOCTh COCTOSHME, KOTOpas B npocrefimeM npubawkenuu (4) ceomurca k N(E -
Eo) - MIOTHOCTH COCTOSIHMI CBOGONHBIX YACTHL C JHEPIHEN €, OTCUMTHBAEMOH OT

CABMHYTOTO Kpas 30HW. OueBMAHO, YTO 0TCI0ZA C/eAYeT OOHMHOE BHIpAXEHME /14
T. [10]:

331 (n/2)3
- S, 9)

KOTOpOE He 3aducum om Oecnopadka. BoamoxHoe BimsHHe Oecropsaka Moxer
OHTb CBS3aHO JHMIDL C JKCTIOHEHWMANBHO MAIbM "JH(UIMLEBCKMM XBOCTOM” B
IIOTHOCTH COCTOSHHMH B ypasHeHHM (8), cBA3aHHHIM C nokanm3aumert [11], korophii
HE BO3HMKACT B HaweM npocrefiweM npubamxenuu (4). Takum o6pasoM, Mul
NPHXOAMM K BHIBOAY, YTO B MPHOMMXEHHH OUeHb CWIBHOTO CMAPMBATENBHOTO B3a-
HMOJICHCTBHSA (CBEPXMPOBOAMMOCTh KDMMAKTHBIX Map) T, MPaKTHYECKH HE 3aBHCHT
or Gecropanka A1 2/06020 3HAYEHMS CMHHA KYNEPOBCKOM MApH, TO ecTh A1 nap
§-THNA, d-THNA W TaK Jajee. '
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